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Introduction Separation and recovery of the dispersed phase of a particulate suspension is a common requirement in fluids processing. Some techniques that accomplish this task use external fields to improve the separation performance. A new separation method that relies on an acoustic field resonating within a porous mesh having a pore size much larger than the particle diameter has been developed and tested in our laboratory [1, 2] . Suspensions flow through the acoustic chamber without a significant pressure drop (because of the large pore size of the mesh) and particles are trapped within the mesh when the acoustic field is activated. The small pressure drop results in decreased pumping costs compared to conventional filtration processes.
Overall particle retention efficiencies as high as 90% have been reported [1] . In addition, laboratory experiments have revealed a number of interesting phenomena associated with the motion of particles through the filter mesh. These include the apparent focusing of particles along specific trajectories within the mesh, and the stable levitation of clusters of particles at positions that do not contact any part of the solid mesh despite continued fluid flow.
In order to more thoroughly understand these observed phenomena and the particle retention mechanism, and also to be able to predict the performance of the experimental apparatus, a mathematical model was created based on acoustic and transport theory. The model presented in this paper examines the acoustic and flow forces near a single fiber of the mesh. Using the MATLAB programming language, a graphical interface was developed that allows the user to input operating parameters and see the results of the calculations, i.e., particle trajectories and flow fields near the filter element.
The following section of this paper briefly describes the experimental apparatus along with a typical procedure for its operation. Section 3 illustrates the theory of the model (Appendix A adds mathematical detail to this description), while Sections 4 and 5 give some visualizations and explanations of results. Finally, a summary is presented in Section 6 including the direction of future endeavors.
Experimental
A schematic of the experimental chamber is given in Fig. 1 . The chamber is composed of a Plexiglas structure supporting a piezoelectric transducer and a glass reflector. A resonating ultrasonic plane wave (at a frequency typically near 1 MHz) is established in the enclosed volume, which also houses the porous mesh. A typical mesh is composed of polyester and contains about 30 pores per inch, but meshes of other materials and pore sizes have been studied.
Fluid containing small particles (tens of microns in diameter) is pumped through the chamber at a slow ($1 mm/s) rate. Particles are retained when the acoustic field is active, but pass through the chamber when the transducer is not powered. This allows for easy cleaning and regeneration of the media or recovery of the retained solids, as the chamber can be flushed when no acoustic field is present. Fig. 2 contains photographs showing a suspension of polystyrene particles flowing through the porous mesh (black) with no acoustic field (a) and with a resonant ultrasonic field (b). Note the significant retention of the white particles in the latter case. Experimental studies in which the effects of mesh pore size, acoustic energy, and flow configuration on the particle capture efficiency have been reported [1 3] .
It is possible to postulate a few modes by which the combination of acoustic and hydrodynamic effects can cause the particles to be retained within the mesh. In one, the particle may simply collide and stick with an element of the mesh. It has been observed experimentally that, in some regions, particles can be focused along specific trajectories and that this results in the formation of dendritic structures attached to fixed points on the mesh. Another possible collection mode is that the interaction of the acoustic field with the porous media may create points where particles are held in the fluid solely by acoustic forces, a phenomenon that has been observed in the experiments. A third collection method would be for particles to be trapped by agglomerating with other particles, forming temporary flocs too big to pass through the necks between pores.
To understand the theoretical basis for these various mechanisms and experimental observations, we have constructed a mathematical model that attempts to predict the motion of particles in response to the acoustic and flow forces present within the mesh. If proven successful, such a model can form the foundation for optimization of the device design and selection of process parameters.
Model description
Since the geometry of the mesh is complex, we adopt the standard modeling practice of studying the region surrounding one element of the porous mesh. Here, we picture the mesh to be an assembly of cylinders. A qualitative description of the model equations that describes the particle trajectories is given in this section. For a full derivation and additional mathematical detail, see Appendix A.
The model intends to provide the two-dimensional trajectories of particles in the vicinity of one mesh element, assumed to be an infinite circular cylinder. The axis of the cylinder fiber is perpendicular both to the upstream flow direction and to the direction of the incident ultrasonic plane wave. The angle between the directions of the approach flow and the acoustic field, however, is arbitrary. Fig. 3 defines the coordinate systems used for the trajectory calculations. The fluid flow is described using ðx; yÞ coordinates, with the approach flow always in the þx direction. We also use the polar angle / measured from the þx direction for use in describing the hydrodynamic flow field. The acoustic field is described using ðx 0 ; y 0 Þ coordinates, with the incident acoustic field propagating in the y 0 -direction. The polar angle h is measured from the þy 0 -direction. At each point in the fluid, a balance between acoustic and drag forces determines the direction and magnitude of the particle velocity. Since the particles are small, the net force on the particles is assumed to be zero. Other major assumptions include creeping flow around the cylinder, no interparticle hydrodynamic or acoustic interactions, and steady state particle velocities.
The following equations describe the particle motion for the case of orthogonal approach flow and incident acoustic field (zero offset between the x and x 0 axes):
and
Here, dimensionless variables (indicated by Ã)
are used. The variables x p and y p represent the coordinates of the particle while r and v (¼ kr, where k is the wave number of the acoustic field) also denote the distance from the center of the cylinder. The GorÕkov number,
represents the ratio of acoustic forces to hydrodynamic drag forces on the particles while the Reynolds number based on the cylinder diameter
characterizes the flow strength. The radius of the particle and the cylinder (filter element) are R p and R c , respectively. The fluid velocity far upstream is U f ; the fluid has viscosity l and density q f . Standard expressions for the creeping motion around a cylinder are used to describe the flow field. Since these are approximations, the resulting equations that describe the motion of the particles (Eqs. (1) and (2)) are strictly valid only near the cylinder. The acoustic energy density is E ac and U Ã is the dimensionless acoustic potential, which depends on the position of the cylinder relative to the incident acoustic field. See Appendix A for a more detailed definition of U Ã .
Results: particle capture plots
Given the above system of equations, particle motion can be computed at each point in space, and these motions can be integrated to predict particle trajectories in the vicinity of the cylinder. A simple substitution method is used to solve the set of differential equations to obtain these trajectories. Stopping conditions include a particle impinging upon the fiber element, leaving the selected area of interest, or levitating at a point in space.
Although the model allows for all variables to be adjusted, the results presented here show only the effect of varied cylinder positions (with respect to the incident acoustic field), angle of the fluid flow, and intensity of the acoustic field. The physical parameters used in the model, chosen to match those in typical experiments, are listed in Table 1 . These parameters result in a Re c of 0.1.
With no acoustic forces, the particles merely trace the motion of the fluid around the cylinder, as shown in Fig.  4(a) . This figure shows both local and integrated particle trajectories. The circle in the center of the plot is the cross-section of the cylinder. The field of arrows in the background is the direction of particle motion if the particle was located at the position corresponding to the tail of the arrow. The solid curves indicate the paths particles will follow if placed at the upstream end (the left edge) of the curve.
When including the effects of the ultrasonic field, particles are shown to collide with the cylinder (Fig.  4(b) ) where they are presumed to stick upon contact.
This simulation case has a pressure node of the incident standing wave placed directly at the center of the cylinder. Since the particles have properties that result in motion toward the pressure nodes of the acoustic field, this configuration is expected to be advantageous for particle collection. Fig. 4(c) shows a magnified region of Fig. 4(b) . Here the two particle capture methods mentioned in the previous section can be visualized. At a spot just upstream of the cylinder, particles are trapped, levitated in the fluid by a combination of acoustic and drag forces. The other capture scheme is shown as particles are impinged on the surface of the cylinder.
In contrast, one might expect that locating the cylinder on an antinode of the incident acoustic field would be detrimental to particle capture since particles would be driven away from these positions. However, Fig. 4(d) shows that particles will continue to be captured even in this case. This result stems from the interaction between the incident wave and the waves reflected from the cylinder; the combination actually attracts particles to the filter element at some locations. In order to better visualize the effect of the overall acoustic field, Fig 5(a) presents the results when the flow speed is set to zero. Note that the overall acoustic field does direct particles to certain locations on the cylinder, even though the cylinder is positioned at the antinode of the incident field.
When the cylinder is positioned off of both acoustic nodes and antinodes of the incident field, a more complicated trajectory pattern results (see Fig. 5(b) ). In this particular case, there are four distinct spots on the cylinder surface to which particles from a range of origination points are attracted. This focusing is frequently seen in the model results and explains the formation of particle dendrites that have been observed in experiments [4] . Fig. 5(d) shows that particles entering with a flow angle of 45°with respect to the incident acoustic field can still be captured. Particle trajectories in this simulation are focused to the same points on the cylinder as Fig. 5(b) , again indicating that the acoustic fields are the driving force for particle retention.
Results: capture window
In order to compare the effectiveness of the filter element, it is beneficial to devise a metric for evaluating capture performance. Consider a cross-sectional area perpendicular to the bulk flow direction and upstream from the filter element. There exists a ''capture window'' in this plane through which all particles that eventually collide with the cylinder pass. The width of the capture window can be used as a measure of the capture efficiency under different experimental conditions. For example, the width of the capture window in the case of Fig. 5(b) is about 3 cylinder radii for an acoustic energy density of 0.5 J/m 3 (corresponding to a GorÕkov number of 0.42 for these conditions). If the acoustic energy density is doubled to 1 J/m 3 ( Fig. 5(c) ), the width of capture increases to more than 5 cylinder radii. Fig. 6 shows how the width of the capture window varies with G k for three different nodal positions for the case of perpendicular flow and incident acoustic field. The capture widths were calculated by evaluating particle trajectories at each set of data (G k , nodal position), which corresponds to one point on the plot. The small jumps in the plot are due to imprecision in the width of the capture window, which is calculated to a AE0:0625 radii tolerance.
As seen in Fig. 6 , the performance of the filter element in each case hits a plateau before G k reaches a value of 2. Increasing the acoustic energy beyond this point does not significantly increase the width of the capture window. When the pressure antinode is at the cylinder axis, the plateau value decays slightly with G k and will eventually reach zero. This effect is expected, since, as the acoustic energy is increased, particles will be forced to the pressure nodes (and away from the filter element) with greater intensity. For each of the other two cases, the capture width remains constant at large values of G k .
One feature seems unusual in Fig. 6 , the large increase in capture width near G k ¼ 1:85 for the case of the node placed 1/8 wavelength from the cylinder axis. It is useful to explain this with the visual aid of trajectory plots. Fig. 7 shows the particle trajectories for G k ¼ 1:85 and G k ¼ 1:9; the capture widths are 3.4 and 7.4 fiber radii, respectively. Just below the pressure node, the particle trajectories combine into one streamline. The critical point for capture of this streamline lies between a G k of 1.85 and 1.9.
All of the particle trajectories used for visualization and for capture window calculations begin at a position located 5 fiber radii upstream from the cylinder axis. The area of the capture window would change if the starting position of the particles were changed to be more upstream or downstream from the filter element because the force due to the incident plane wave is always present. Since the particles are believed to be well dispersed between pores in the mesh, a value of 5 radii (corresponding to 0.5 mm, in this case) was chosen, corresponding to the midpoint between to filter elements in a 25 pore per inch mesh.
Summary
The single-element modeling approach is useful to see how suspended particles flowing around a cylinder respond to an ultrasonic field. Numerical results indicate that the experimentally observed capture of particles in the mesh is due to the interaction of the incident plane waves with waves reflected from the fiber. This information provides insight into the operation of the acoustic filtration device. These modeling results form part of a comprehensive model of the filtration process, which could ultimately be used to make predictions of overall capture efficiency, as has been done in studies of high gradient magnetic separation processes [5] .
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Appendix A

A.1. General force balance
Several assumptions are adopted for the derivation of the particle trajectory equations: (1) creeping flow around the cylinder, i.e., Re c < 1; (2) the flow field is unaffected by the presence of the particles; (3) gravitational effects are negligible; (4) the particle concentration is dilute so that there are no interparticle hydrodynamic or acoustic interactions; (5) the mass of particles is small enough that inertia is negligible; (6) secondary acoustic forces are ignored; and (7) the fluid flows at steady state. Given these assumptions, the overall force balance on a particle gives
where F ac is the primary acoustic force and F D is the hydrodynamic drag force.
A.2. Coordinate system for trajectory analysis Fig. 3 depicts the coordinate system used in the derivation of the trajectory model equations for the case of orthogonal flow and incident acoustic fields. The flow is defined to always be in the positive x direction, with / being the polar angle from the flow direction in cylindrical coordinates. For the description of the acoustic field, we use h as the polar angle for the acoustic field, which propagates in the h ¼ 0 direction. Fig. 7 . With only a small change in G k , from 1.85 (a) to 1.9 (b), the width of the capture window more than doubles. The large effect is due to many trajectories combining into one stream of particles that flows by the filter element in the former and is captured in the latter.
A.3. Hydrodynamic drag force
A.3.1. Drag on a sphere in stokes flow
The drag force acting on a sphere under creeping flow conditions is given by
ðA:2Þ
where l is the fluid viscosity, u f is the fluid velocity, u p is the particle velocity, and R p is the radius of the spherical particle. This solution is accurate for Reynolds numbers less than 0.1 and is accurate to 5% for Reynolds numbers up to one [6] .
A.3.2. Lamb's approximate solution to creep flow about a cylinder Lamb provides a solution for creeping flow around an infinite cylinder in Cartesian coordinates [7] . The x and y velocities (u fx and u fy , respectively) of the flow are
where c is EulerÕs number (c ¼ 0:5772 [8] ), R c is the cylinder radius, and r is the radial coordinate. The variables C and j are defined by
ðA:4Þ
From the relationship between the Cartesian and cylindrical coordinates, it can readily be shown that 
. General equations
The results of GorÕkov [9] , corrected by Barmatz and Collas [10] , are used to determine the primary acoustic force. The primary acoustic force is given by the negative gradient of the acoustic potential U ,
ðA:10Þ
Here c f is the longitudinal sound speed in the fluid, P and V the local pressure and velocity in the fluid at the location of the particle, and h i denotes a time average. The factors f 1 and f 2 are given by
ðA:11Þ
where q p is the particle density and c p is the longitudinal sound speed in the particle. The factors have allowable ranges of À1 < f 1 6 1 and À2 6 f 2 6 1. The local pressure and velocity can be written from the real portion of the velocity potential U,
ðA:12Þ
A.4.2. Acoustic velocity potential around a cylinder Hasegawa et al. [11] have developed a velocity potential for a plane progressive wave incident upon a cylinder. The velocity potential of an incident plane standing wave is represented by Here h is the angle relative to the direction of propagation of the acoustic field, r is the radial coordinate, A is the amplitude of the potential, h is the distance between the nodal plane and the axis of the cylinder, x the angular frequency, and k the wavenumber. J n is the cylindrical Bessel function of the first kind and order n. Making the simplifications B n ¼ e n ðÀiÞ n d n and v ¼ kr; ðA:15Þ
Eq. (A.13) can be rewritten as
B n J n ðvÞ cosðnhÞ: ðA:16Þ
The scattered field potential is written as where Y n ðvÞ is the cylindrical Bessel function of the second kind and order n. The coefficients d n are given by Faran [12] and are recast by Hasegawa et al. [11] with algebraic errors. The corrected coefficients are presented here for convenience: where
ðA:19cÞ
Here q c is the density of the cylinder and x, x 1 and x 2 are given by
with c 1 and c 2 being the velocities of longitudinal and shear waves in the cylinder material, respectively. Writing the velocity potential as the sum of the incident and scattered parts, the combined field potential is
n ðvÞ cosðnhÞ:
ðA:20Þ
A.4.3. Acoustic force derivation
Because the solution requires the real component of the potential function, / will be rearranged to facilitate the separation into the complex coordinates. With the definition d n ¼ a n þ ib n ;
ðA:21Þ where a n and b n are the real and imaginary components of d n , respectively, and using Eq. (A.18), the right-hand portion of Eq. (A.20) can be arranged to cos nhðJ n ðvÞ þ d n H ð2Þ n ðvÞÞ ¼ cos nhðJ n ðvÞ þ ða n þ ib n ÞðJ n ðvÞ À iY n ðvÞÞÞ ¼ cos nh½ð1 þ a n ÞJ n ðvÞ þ b n Y n ðvÞ þ iðb n J n ðvÞ À a n Y n ðvÞÞ:
ðA:22Þ Defining S n ¼ cos nh½ð1 þ a n ÞJ n ðvÞ þ b n Y n ðvÞ;
T n ¼ cos nh½b n J n ðvÞ À a n Y n ðvÞ; ðA:23Þ
Eq. (A.20) can be written as
B n ðS n þ iT n Þ: ðA:24Þ
Note that S n and T n are real provided v > 0 (since the coordinate system is cylindrical, v ¼ kr is always greater than zero and this is satisfied). Also note that B n is real for all n (this may be proved by showing that B n is real for even and odd n separately 
A.5. Equations of trajectory motion
For ease in computation and representation of results, the equations of motion can be cast in terms of the dimensionless variables described in Eq. (3) . Once the angle between the approach flow and the incident acoustic field is chosen, it is possible to combine the acoustic force expression (Eqs. (A.36) and (A.37)) with hydrodynamic drag expressions (Eq. (A.2) using Eqs. (A.7) and (A.8)) using the force balance on a single particle (Eq. (A.1)) to determine the trajectory of the particles according to
ðA:38Þ
